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with Variational Autoencoders using Differential Entropy
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Figure 1: The encoder of a DE-VAE learns a parametric projection P of MNIST, mapping each data point xi to a full Gaussian
N (µ,Σ), modeling the uncertainty of a UMAP projection. The decoder learns an inverse projection P−1, taking yk and reconstructing
a plausible sample x̂k. P enables uncertainty-aware visualization of the latent space. DE-VAEs optimize the losses: Lrecon, ensuring
reconstruction; Lproj, aligning µ with points of the projection; and Lent, maximizing the variance of Σ. To show learned Gaussian
distributions, we depict the 1st, 2nd, and 3rd standard deviations as ellipses around two randomly sampled points per class.

ABSTRACT

Recently, autoencoders (AEs) have gained interest for creating para-
metric and invertible projections of multidimensional data. Para-
metric projections make it possible to embed new, unseen samples
without recalculating the entire projection, while invertible projec-
tions allow the synthesis of new data instances. However, existing
methods perform poorly when dealing with out-of-distribution sam-
ples in either the data or embedding space. Thus, we propose DE-
VAE, an uncertainty-aware variational AE using differential entropy
(DE) to improve the learned parametric and invertible projections.
Given a fixed projection, we train DE-VAE to learn a mapping into
2D space and an inverse mapping back to the original space. We
conduct quantitative and qualitative evaluations on four well-known
datasets, using UMAP and t-SNE as baseline projection methods.
Our findings show that DE-VAE can create parametric and inverse
projections with comparable accuracy to other current AE-based
approaches while enabling the analysis of embedding uncertainty.

Index Terms: Uncertainty visualization, dimensionality reduction,
variational autoencoders, inverse projections.

1 INTRODUCTION

Multidimensional projections, also referred to as dimensionality
reduction (DR) techniques, are widely used and well-established
tools for the visual exploration of high-dimensional data [20]. DR
methods are usually used to create 2- or 3-dimensional represen-
tations while trying to preserve relationships present in the high-
dimensional space, e.g., distances and neighborhoods [27]. In this
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context, parametric projection methods employ a trained model to
create a mapping from high- to low-dimensional space, enabling
the projection of previously unseen data points, real and synthetic,
without the need to recompute the projection [28]. Inverse projec-
tion methods provide a usually smooth mapping from the projection
space to the high-dimensional space, enabling the generation of new
data from any position in the projection space [31], e.g., helpful in
visualizing and exploring the decision zones of classifiers.

However, DR is inherently lossy and prone to distortions, such
as false neighborhoods, or rifts, especially, in the case of non-linear
DR methods [27]. To address this, researchers proposed methods to
quantify and visualize distortions and gradients between projected
points. Recent approaches for parametric and inverse projections,
which are usually created using neural networks (NNs) [12] or vari-
ational autoencoders (VAEs) [8], did not address or leverage the
uncertainty inherent in the process. In this work, we propose DE-
VAEs, which use differential entropy to capture the uncertainty in the
parametric projection by modeling it in its latent space. Thus, unlike
traditional VAEs, DE-VAEs model the uncertainty associated with a
sample with a multidimensional Gaussian distribution. In contrast,
for the inverse- or generative-case, we sample from the modeled
distribution to retrieve similar synthetic data items. Since DR for
data projection is inherently visual [26], we can gain insight into the
sources and effects of uncertainty through uncertainty visualization
[5]. Overall, we contribute the following:

(1) We propose DE-VAEs, which leverage differential entropy for
creating parametric and invertible projections.

(2) We perform an evaluation comparing isotropic, diagonal and
full Gaussian distributions quantitatively and qualitatively on
four datasets using UMAP and t-SNE.

(3) For reproducibility, we provide the analysis, results and source
code on OSF and GitHub.

With this work, we aim to enhance high-dimensional data analysis
by improving the interpretation of uncertainty in DR methods.
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2 RELATED WORK

First, we introduce some notation. Let D = {xi}1≤i≤n denote a
high-dimensional dataset with d dimensions and n samples, where
each xi ∈ Rd . A projection technique P transforms D into a lower-
dimensional set P(D) = {P(xi) | xi ∈ D} = {yi}1≤i≤n, such that
P(D) ⊂ Rq with q ≪ d. In our setting, q = 2, so P(D) can be
displayed as a 2D projection.

A plethora of DR methods exist and are studied in several surveys
quantitatively and qualitatively [14, 27]. Generally, there are linear
and non-linear methods which focus on either preserving global
structure or local neighborhoods. Linear projection techniques, such
as principal component analysis (PCA) [20], are computationally
efficient and excel at maintaining the data’s global structure. In
contrast, non-linear global methods like multidimensional scaling
(MDS) [23, 7] aim to capture more complex relationships while still
focusing on the overall structure. However, many modern non-linear
approaches prioritize preserving local neighborhood relationships,
often sacrificing global structure in the process. Notable examples
include t-SNE [30], which forms implicit neighborhoods by comput-
ing pairwise similarities in high-dimensional space using a Gaussian
kernel centered at each data point, while UMAP [25] explicitly con-
structs a k-nearest neighbor graph to capture local structure and then
optimizes a low-dimensional embedding that preserves the fuzzy
topology implied by the graph. AE-based models also belong to the
class of non-linear methods; they learn low-dimensional embeddings
by training neural networks to reconstruct input data, effectively cap-
turing complex, non-linear feature representations [32].
Parametric Projection Methods: These approaches provide an
explicit mapping function from the high-dimensional space to a
lower-dimensional embedding, enabling efficient out-of-sample pro-
jections for new data points [18]. Van der Maaten [29] employed a
feed-forward neural network to create a parametric version of t-SNE.
In a similar vein, parametric UMAP [28] utilizes neural networks,
including autoencoders, as a parametric alternative to the original
non-parametric embedding. By training neural networks to predict
2D coordinates for input data points, Espadoto et al. [13] demon-
strated that sufficiently large networks can effectively approximate
various non-parametric methods.
Inverse Projections: A function P−1 : Rq → Rd , that is typically
smooth and aims to minimize the error ∑x∈D ∥P−1(P(x))− x∥2,
where P is a projection and ∥ · ∥ denotes the L2 norm, is called an
inverse projection. There are only a limited number of non-NN meth-
ods supporting inversion: PCA [20], LAMP [19, 11], and UMAP
[25]. At the same time, an autoencoder, by design, has an encoder
(learning P) and a decoder (learning P−1) that reconstructs the origi-
nal data [3]. Other methods augment a subset of DR methods with
inverse transformations, making different assumptions. One of the
first techniques used a global interpolation-based method to create
synthetic data points [31]. Amorim et al. [1] refined this approach
by using a radial basis function for kernel-based interpolation. Blum-
berg et al. [4] invert MDS by applying data point multilateration
based on geometrical properties.
Uncertainty-aware Projection Methods: These techniques support
probability distributions modeling uncertainty as their input. Görtler
et al. [15] proposed a linear DR technique that generalizes PCA to
multivariate probability distributions by incorporating input uncer-
tainty directly into the covariance matrix. UAMDS extends MDS by
mapping high-dimensional random vectors from any distribution to
a low-dimensional space supporting various stress types [16].

3 DIFFERENTIAL ENTROPY IN VARIATIONAL AUTOEN-
CODERS

In general, AEs are a type of NN for unsupervised learning of
compressed data representations, i.e., latent representations [3], use-
ful for feature extraction. In contrast, the latent representation of
a variational autoencoder (VAE) is a probability distribution [22].

Compared to AEs, VAEs learn a smooth and continuous latent space
where nearby points correspond to similar outputs, useful for sam-
pling and interpolation. In recent work, VAEs were trained to jointly
create a parametric projection P and an inverse projection P−1 [8].
The approach used a modified loss function for VAEs to structure
the latent space, allowing for inverting a user-defined projection.
However, it did not outperform the more straightforward AE-based
method. We provide an alternative approach in this paper.

We show the general idea of a DE-VAE in Fig. 1. A DE-VAE
learns to project data items from a ground-truth projection, i.e., a pre-
computed projection. In contrast to existing parametric projection
methods, DE-VAEs infer Gaussian distributions as there encoder
output, not just a low-dimensional coordinate. The decoder can
reconstruct a high-dimensional data point from any 2-dimensional
position. More specifically, we target three objectives: (1) Differing
from VAEs, we target a latent mean µ alignment such that the en-
coder learns a parametric projection P, and (2) models uncertainty
through variance via differential entropy. (3) Similar to VAEs, we
target accurate inverse projection P−1 or reconstruction of the input
data through the decoder. Unlike the VAE’s latent space, which is
shaped by the Kullback-Leibler (DKL) loss term, tying both mean
and variance to a fixed prior (e.g., N (0, I)), our approach inde-
pendently controls the mean µ to align it with a projection P(D).
Additionally, the encoder infers an associated variance Σ around
the projected data point. In contrast to classical variational infer-
ence with respect to a prior, our regularization toward an externally
chosen target shapes the latent space according to a projection.

In the following, we describe its loss function (see Eq. (1)) in
detail. Let x ∈ D ⊂ Rd denoting the original vector, x̂ ∈ Rd the
reconstructed vector output, µ ∈ Rq the latent mean from encoder,
y ∈ Rd is the target latent vector, i.e. the embedding vector of
the projection, and the Gaussian approximate posterior distribution
q(z) := q(z | x) =N (z | µ(x),Σ(x)).

L(x, x̂,y,µ,Σ) = Lrecon(x, x̂)+λproj ·Lproj(y,µ)

+λent ·Lent(Σ)
(1)

Reconstruction Loss: Lrecon(x, x̂) measures how well the model
reconstructs the original input x from its latent representation. Min-
imizing this term ensures that the latent code z retains sufficient
information to reproduce x faithfully [22]. We refrain from a con-
crete choice since it is dataset-dependent, e.g., we use the mean
squared error (MSE) and binary cross-entropy (BCE).
Projection Loss: Lproj(y,µ) = ∥y−µ∥2 encourages the latent mean
µ to align with a target low-dimensional projection y, also called the
ground-truth projection. This guides the latent space to reflect the
structure of the projection P(D). We use the MSE to measure the
numerical difference between predicted and actual values.
Entropy Term: Lent(Σ) = −H[N (0,Σ)] promotes higher uncer-
tainty or diversity in the associated latent distribution N (µ,Σ) by
maximizing differential entropy. This prevents overly confident or
degenerate latent representations and supports smoother, more flexi-
ble embeddings. It needs to be carefully balanced, usually with Lrec,
not to dominate the overall loss (see Eq. (1)).

Weighting terms are standard in loss functions of VAEs [17]. We
introduce λproj, which controls the strength with which the mean
values of the latent space distributions will match the ground-truth
projection, and λent, which, with higher values increases the variance
of each of the learned Gaussian distributions. λent is the more
sensitive of the two and can overpower all other loss components.
We discuss the choice of λproj and λent in Sec. 5.

3.1 Latent Gaussian Covariance Structures
In the context of VAEs, q(z) represents the approximate posterior
distribution over the latent variables z, given the observed data x,
i.e, q(z) ≡ qφ (z | x) = N (z | µ(x),Σ(x)) with model parameters
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None Isotropic Diagonal Full

Parametric projection: Average projection loss Lproj (lower is better)
HAR (UMAP) .675± .685 .525± .257 .447±0.166 .404± .079
MNIST (UMAP) .402± .064 .400± .077 .418± .162 .428±0.07
Fashion-MNIST (UMAP) .263± .034 .293± .069 .306± .059 .298±0.05
KMNIST (t-SNE) 30.4±4.68 32.3±3.98 31.6±6.23 33.0±5.27

Inverse Projection: Average reconstruction loss Lrecon (lower is better)
HAR (UMAP) 272±2.41 272±2.42 272±2.45 273±4.73
MNIST (UMAP) 127±0.85 135±1.01 136±1.64 138±1.28
Fashion-MNIST (UMAP) 246±1.93 252±2.36 251±1.62 253±1.53
KMNIST (t-SNE) 239±1.64 246±1.83 245±2.52 248±3.02

Number of training epochs until validation loss convergence (lower is better)
HAR (UMAP) 41.3±13.1 42.3±12.3 41.2±10.9 40.3±9.41
MNIST (UMAP) 32.8±6.54 31.0±4.49 32.8±6.54 30.3±6.44
Fashion-MNIST (UMAP) 29.7±7.50 29.0±11.0 32.8±13.9 28.4±8.46
KMNIST (t-SNE) 46.3±9.84 38.5±5.75 45.9±11.4 39.0±9.65

Table 1: Average losses and standard deviations (after ±) of the
parametric and inverse projections on test data for 10 runs each, as
well as average number of training epochs to compare training time.

φ . In the following, we briefly describe three different Gaussian
distributions and how they impact the structure of the latent space
(see supplementary material for mathematical deductions).
Isotropic Gaussian: The covariance matrix assumes the same vari-
ance across all latent dimensions (see Fig. 2), expressed as Σ = σ2I,
where I is the identity matrix. This simplification implies that latent
variables are identically distributed with equal uncertainty. The dif-
ferential entropy reduces to a form proportional to the logarithm of
the shared variance, which directly contributes to the entropy term in
the loss function. The entropy of an isotropic Gaussian N (µ,σ2I)
is defined as H[N (µ,σ2I)] = d

2 (1+ log2π + logσ2).
Diagonal Gaussian: In this case, each latent dimension has its
own variance, so Σ = diag(σ2

1 ,σ
2
2 , . . . ,σ

2
d ). This enables model-

ing of different uncertainty per dimension while maintaining in-
dependence between dimensions, i.e., axis-aligned (see Fig. 2).
The entropy term in the loss sums contributions from each dimen-
sion’s variance, reflecting dimension-specific uncertainty in the
latent space. The entropy of a diagonal Gaussian is defined as
H[N (µ,diag(σ2

1 , . . . ,σ
2
q ))] =

1
2 ∑i(1+ log2π + logσ2

i ).
Full Gaussian: This is the most general form with covariance
Σ = LL⊤, where L is a lower-triangular matrix obtained via the
Cholesky decomposition, which captures correlations between la-
tent dimensions, allowing for more flexible uncertainty model-
ing (see Fig. 2). The differential entropy is computed using the
log-determinant of Σ, which in turn is derived from L, encourag-
ing expressive latent representations through the covariance struc-
ture. The differential entropy of a full Gaussian is defined as
H[N (µ,L)] = 1

2 d(1+ log2π)+∑ logLii.

4 EVALUATION

We compare our approach using four datasets, characterized by the
number of samples n, dimensions d, intrinsic dimensionality ρd,
sparsity γn, and Type. We use HAR [2] (n: 735, d: 561, ρd: 120,
γn: 0.0%, Type: Sensor Data), MNIST [24] (n: 70000, d: 784, ρd:
330, γn: 82.9%, Type: Images), Fashion-MNIST [33] (n: 3000,
d: 784, ρd: 187, γn: 50.2%, Type: Images), and KMNIST [6] (n:
70000, d: 784, ρd: 238, γn: 66.7%, Type: Images). We evaluate
our approach quantitatively by comparing reconstruction loss and
projection loss, as well as runtime measurements such as the number
of training epochs and training time, using UMAP [25] and t-SNE
[30] with standard parameters as the ground-truth projections. We
also compare the approaches qualitatively by visually inspecting
the latent space and reconstructions. None refers to an AE with-
out a variational component [8], predicting only a latent coordinate
(equivalent to µ), and serving as the current competitor in all evalu-
ations. Further details are provided in the supplementary material.
Replication data is available on OSF and DaRUS [9].

MNIST (UMAP) KMNIST (t-SNE)
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Figure 2: We show the encoder output µ for all test data of the learned
UMAP projection of MNIST and the t-SNE projection of KMNIST. The
uncertainty modeling, expressed by three Gaussian distribution types,
allows for varying levels of expressiveness through their differing
degrees of freedom. These are shown as 1st, 2nd, and 3rd standard
deviations, depicted as ellipses around the class medoids.

4.1 Data Processing and Training
We use the Adam optimizer [21] with default parameters. We set
the learning rate to 0.001 and the batch size to 64, which are typical
values. We set the number of training epochs to a maximum of
100, allowing training to stop early if the validation loss does not
improve for 5 consecutive epochs. We determined the topologies of
our AEs and the weighting factors of the loss function λproj and λent
through multiple runs, using the validation loss to track the impact
of different parameter configurations. For HAR, we set λproj =
5 and λent = 0.001. For MNIST, we set λproj = 20 and λent = 5.
For Fashion-MNIST, we set λproj = 20 and λent = 4. Finally, for
KMNIST, we set λproj = 20 and λent = 3. For HAR, we used the
vector data as-is while using the MSE as the reconstruction loss.
For MNIST, Fashion-MNIST, and KMNIST, we converted the pixel
values into the interval [0,1], enabling us to use binary cross-entropy
(BCE) as the reconstruction loss, Lrecon. In all cases, we used
the projection methods with their default parameters without any
additional post-processing. For all details, refer to the source code.

4.2 Quantitative Comparison
To evaluate the quality of the resulting parametric and inverse projec-
tions, we report Lproj and Lrecon on the test samples of an 80/10/10
train-validation-test split for each method. For MNIST, Fashion-
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(a) UMAP (inverse) (b) None (AE) (c) Isotropic Gaussian (d) Diagonal Gaussian (e) Full Gaussian

Figure 3: For each approach (a-e), we inverse project 25 samples from an evenly spaced 5×5 grid on a UMAP projection of the MNIST dataset
and show the results of the inverse projections (P−1). Our models (c-e) show higher quality and more diverse outputs.

MNIST, and KMNIST, Lrecon is calculated using BCE, and MSE for
HAR. In all cases, lower values indicate better performance. Lproj
is always the MSE. We train 10 AEs for each method using differ-
ent random seeds for model initialization and batch randomization
to mitigate outlying measurements. The average losses and the
associated standard deviations are reported in Tab. 1.

The average projection loss evaluates how accurately the model’s
latent space preserves structure from the projection. For HAR, there
is an improvement as the expressiveness of the covariance increases.
The Full model achieves the best score, followed by Diagonal. The
difference between None and the others is notable, suggesting that
modeling latent uncertainty improves alignment with projections.
For MNIST, the differences are very small. Isotropic slightly out-
performs the others. However, all methods perform comparably and
the standard deviations overlap. For Fashion-MNIST and KMNIST,
None performs best, with increasing projection loss for the other
models, indicating over-regularization from uncertainty modeling.

The average reconstruction loss measures how well the decoder
reconstructs inputs from latent samples. For HAR, all methods per-
form identically, with negligible variation. For MNIST, the plain
AE performs best, with increasing loss from Isotropic to Full. This
suggests that more expressive latent noise modeling slightly hurts
reconstructions, possibly due to increased uncertainty. Also for
Fashion-MNIST and KMNIST, None performs best, though the dif-
ferences are small. None or simple latent distributions are better for
reconstruction. This indicates that more complex models introduce
uncertainty that can degrade decoder performance.

Comparing the number of training epochs, the Full models con-
verge marginally faster, but the training time is longer overall.

4.3 Qualitative Comparison

We visually compare the encoder output created by our three models
(see Fig. 2), depicting the 1st, 2nd, and 3rd standard deviations as
ellipses around the class medoids, representing the learned Gaus-
sians [16]. As the quantitative analysis shows similar performance
across models for the MNIST and KMNIST datasets for parametric
projection, we can confirm that the methods do not differ signif-
icantly in the overall structure. All clusters associated with each
digit or character are visible. We can also confirm that the choice
of Gaussian distribution (i.e., isotropic, diagonal, or full) affects
the learned distribution, as indicated by the rotated and strongly
elliptical distributions, though less so for KMNIST.

We also compare the reconstruction quality of the built-in inverse
projection learned by the decoder (see Fig. 3). We can observe that
all approaches create clearer outputs than the inverse of UMAP (see
Fig. 3 (a)). Our DE-VAEs (see Fig. 3 (c)–(e)) also produce clearer
outputs compared to the None (see Fig. 3 (b)) that was recently
proposed [8]. The comparison between DE-VAEs is not that clear.
Given that the Full model is most expressive, via the full Gaussian,
we can observe that the additional degrees of freedom do not impact
reconstruction quality, at least for out-of-distribution samples.

5 DISCUSSION AND LIMITATIONS

In principle, other spread measures exist beyond differential entropy.
However, differential entropy provides an interpretable and differen-
tiable measure of uncertainty that applies across different Gaussian
families. We acknowledge that an evaluation focusing on UMAP
and t-SNE limits the generalizability of this work. We used UMAP
because it provides a built-in P−1. However, UMAP and t-SNE
create strong cluster patterns with few to no outliers.
Entropy-based Loss: While our loss shares similarities with that of
a standard VAE, it does not fully satisfy the Evidence Lower Bound
(ELBO). Our approach replaces the DKL with a differential entropy
term, which encourages spread in the latent space but does not match
a specific prior. Thus, our model can reconstruct inputs and preserve
the projection, but does not support generative sampling from a prior.
This may limit its ability to generate new data points from latent
samples without additional regularization.
Loss Weights λproj and λent: We determined λproj and λent experi-
mentally by tracking the individual loss terms. We noticed that the
other loss terms can be overpowered by a high λent , which can cause
the model to degenerate. Thus, it is key to balance λent with the
reconstruction loss, such that Lent is still converging in the training
process. As a possible solution, we suggest annealing λent to maxi-
mize the entropy of the latent Gaussians. Generally, we found that
models are less sensitive to high λproj.
Future Work: We aim to broaden the evaluation to include ad-
ditional projection techniques, such as MDS. We also intend to
compare our AE-based models to established parametric and inverse
projection methods. Using standard datasets and an 80/10/10 train-
validation-test split, we plan to assess the robustness of each method
with respect to training set size and intrinsic dimensionality. The
differential entropy of the VAE serves as a form of implicit regu-
larization for the latent space, which should yield a smooth inverse
projection, but this effect has not yet been evaluated. The method
can be extended to support layout enrichment [10] by combining the
Gaussian distributions into a Gaussian mixture model.

6 CONCLUSION

We proposed DE-VAEs, three VAEs with differential entropy-based
structuring of the latent space with isotropic, diagonal, and full
Gaussians, for generating parametric and invertible multidimen-
sional data projections. The learned distributions differ notably
across the models, thus providing a method to model uncertainty.
Qualitative evaluations with UMAP showed that DE-VAEs can out-
perform the other tested models regarding reconstruction quality for
out-of-distribution samples. Quantitatively, they did not consistently
outperform competing approaches. The parameterization of the loss
function weights remains dependent on the dataset and projection.
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