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Figure 1: Framework overview on MNIST. (1) A baseline UMAP projection is computed. (2) Class centroid-based anchors are selected.
(3) Isotropic Gaussian noise is added to perturb anchor samples. (4) A multi-layer perceptron (MLP) projects all noisy samples into 2D.
(5) Stability is assessed with three metrics: Mean displacement (Dgey ), displacement bias (Dyjys), and nearest-anchor assignment error (Ena);
lower is better. Here, we show a local PCA visualization of displacement bias and the amplification or attenuation along principal directions.

Abstract

Parametric projections let analysts embed new points in real time, but input variations from measurement noise or data drift can
produce unpredictable shifts in the 2D layout. Whether and where a projection is locally stable remains largely unexamined. In
this paper, we present a stability evaluation framework that probes parametric projections with Gaussian perturbations around
selected anchor points and assesses how neighborhoods deform in the 2D embedding. Our approach combines quantitative
measures of mean displacement, bias, and nearest-anchor assignment error with per-anchor visualizations of displacement
vectors, local PCA ellipsoids, and Voronoi misassignment for detailed inspection. We demonstrate the framework’s effectiveness
on UMAP- and t-SNE-based neural projectors of varying network sizes and study the effect of Jacobian regularization as a
gradient-based robustness strategy. We apply our framework to the MNIST and Fashion-MNIST datasets. The results show that
our framework identifies unstable projection regions invisible to reconstruction error or neighborhood-preservation metrics.
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1. Introduction

Making sense of high-dimensional data requires reducing it to a
form humans can interpret. Dimensionality reduction (DR) meth-
ods address this by mapping data to two or three dimensions while
preserving relationships such as distances and neighborhood struc-
tures [NA19]. A common shortcoming of these approaches is that
they cannot represent the projection as an explicit parametric func-
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tion, preventing consistent and efficient projection of new or syn-
thetic data without recomputing the entire embedding [vdMO09]. In
recent years, neural networks (NNs) have increasingly been used
to learn such parametric mappings [EHT20]. These approaches can
approximate non-linear projections and can generalize to a variety of
DR techniques [DGB*25]. With NNs, once trained, the mapping can
be evaluated in constant time per point, enabling fast out-of-sample
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projection of new or synthetic data without recomputing global pair-
wise relationships [SMG21]. In contrast, classical DR techniques
such as UMAP [MHSG18] and +-SNE [vdMHO8] are non-parametric
and require full recomputation when new data arrives. This makes
feed-forward multi-layer perceptron (MLP) projections attractive
for streaming and interactive settings, for deployment scenarios
where embeddings must be produced on demand, and for workflows
that require a consistent layout across updates. For visual analytics,
this consistency is essential, since analysts must be able to trust that
spatial patterns reflect data structures rather than artifacts of recom-
putation [NDKS22]. However, parametric projections introduce a
concern: The learned mapping is constrained only by the training
data and objective, and its behavior under small input perturbations
is rarely examined [DGB*25]. Current evaluation methods empha-
size accurate local neighborhood preservation [VKO1], but ignore
sensitivity to inputs that are slightly perturbed. In this work, we
analyze MLP projection architectures and how well they preserve
local neighborhoods under input variations (see Fig.1). Our evalua-
tion combines quantitative measures with visual analysis to reveal
systematic and sometimes surprising differences in how MLP-based
parametric projections respond to small Gaussian perturbations. In
this paper, we contribute:

(1) Three quantitative measures to assess local neighborhood sta-
bility in parametric projections under small input perturbations.

(2) Three visualizations that link our local stability measures to
spatial and neighborhood changes in the projection.

(3) Empirical comparisons of parametric projections for UMAP
and t-SNE, validating the effectiveness of stability assessment.

(4) We share the analysis, results, and source code on OSF and
GitHub for reproducibility.

2. Related Work

Projection Methods for Visualization: We define a high-
dimensional dataset as D = {x;j};<j<, with n samples x; € RY
and a projection method P that mgpg D to a lower-dimensional
representation as P(D) = {P(x;) | x; € D} = {yi}1<i<n, Where
P(D) C R? with ¢ < d. In our setting, ¢ = 2, allowing P(D) to
be visualized as a two-dimensional scatterplot. Projection meth-
ods have been extensively studied and evaluated in several sur-
veys [CG15, EMK*19, NA19]. They are commonly categorized
as either linear or non-linear methods [LMW* 16, EMK*19], and
further distinguished by whether they primarily preserve global
structure or local neighborhood relations. Linear projection tech-
niques such as PCA can be computed very efficiently and are known
to preserve global variance structure, while MDS [KW78] pro-
vides a non-linear alternative with a similar global emphasis. In
contrast, many non-linear methods prioritize the preservation of
local neighborhoods at the expense of global structure, including
t-SNE [vdMHO08] and UMAP [MHSG18]. Among other projection
quality measures [EMK*19], Venna and Kaski [VKO01] proposed
Trustworthiness and Continuity, measuring intrusions and extrusions
in local neighborhoods.

Parametric Projections: Standard non-linear DR methods [KW78,
vdMHO08, MHSG18] are non-parametric and typically require re-
computation when projecting new data points [HHKS23]. Para-
metric approaches address this limitation by learning explicit map-
ping functions, often implemented using neural networks (NNs),

from the input space to a lower-dimensional embedding [BBH12].
Van der Maaten [vdMO09] introduced parametric t-SNE using a
feed-forward NN to approximate the non-parametric embedding.
Similarly, parametric UMAP [SMG21] employs NNs, including
autoencoder-based architectures, to replace the non-parametric op-
timization step. By training NN to directly infer low-dimensional
coordinates, Espadoto et al. [EHT20] demonstrated that sufficiently
expressive models can approximate a wide range of existing non-
parametric DR techniques. HyperNP [AEC*22] extends this idea
by learning parametric approximations across DR hyperparameters
(e.g., perplexity in t-SNE), enabling interactive exploration. Finally,
ParaDime [HHKS23] formalizes the design of NN-based DR meth-
ods through a grammar for parametric DR. Recent approaches use
autoencoders to learn parametric mappings [DGB*25].

Robustness and Adversarial Perturbations: Adversarial robust-
ness concerns carefully crafted input perturbations designed to cause
maximal change in model output under minimal input changes (i.e.,
small-norm constraint) [GSS15]. Recent work has highlighted that
parametric DR models can be vulnerable to attacks [FKW*25]. Ad-
versarial robustness is a training objective [MMS*18]. Cohen et
al. [CRK19] show that classifiers robust to Gaussian input noise are
certifiably robust to adversarial perturbations. Fast adversarial train-
ing [WRK20] provides a baseline defense mechanism, while Kabaha
and Drachsler-Cohen [KDC24] introduced verification methods for
computing global robustness bounds of neural networks. Lin and
Fukuyama [LF24] developed a framework for calibrating DR hyper-
parameters in the presence of noise, addressing overfitting issues in
t-SNE and UMAP. Beyond adversarial training, explicit architectural
constraints can enforce smoothness. Jacobian regularization [JG18]
penalizes the Frobenius norm of the output Jacobian with respect
to inputs. Spectral normalization [MKKY 18] bounds network Lips-
chitz constants by constraining the spectral norm of weight matrices.

Visual Analysis of Point Distributions: DR methods produce 2D
scatterplots with visualization challenges, specifically in the context
of representing clusters and overplotting. Instead of rendering indi-
vidual points, density plots color-encode aggregated point counts,
typically smoothed via kernel density estimation [Sil86, Sco92].
Ellis and Dix [ED07] provide a taxonomy of clutter reduction tech-
niques including filtering, sampling, opacity adjustment, and spatial
distortion. Von Landesberger et al. [vVLBRS09] summarize point
distributions using geometric primitives including convex hulls and
minimum spanning trees. Chen et al. [CCM™ 14] explored hierarchi-
cal multi-scale sampling that maintains relative densities and outliers.
Introducing visual abstractions, Liao et al. [LWCC18] replace dense
point groups with aggregate visual marks such as ellipses or convex
hulls, reducing clutter while conveying cluster shape.

3. Stability Evaluation Framework

Our framework evaluates local stability by measuring how a given
MLP projection responds to small input perturbations around rep-
resentative anchor points, essentially answering the question: How
stable is it under plausible measurement noise? Given a projec-
tion f: RY 5 RY, a high-dimensional dataset, and a strategy to
select anchor points: (1) We fit a baseline projection method (e.g.,
UMAP or t-SNE) to obtain embedded coordinates. (2) We choose
a set of anchor points based on the chosen strategy. When class
labels are available (as in our datasets), selecting samples near class
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Figure 2: Top — Class centroid-based anchors of MNIST. Bottom —
Same images with isotropic Gaussian noise added (¢ = 0.17).

centroids in projection space ensures representative anchors rather
than outliers. (3) We generate perturbed inputs around each anchor
by adding isotropic Gaussian noise. (4) We project the perturbed
samples and compute quantitative stability metrics. (5) We visualize
the resulting point clouds to reveal local geometric structure. This
framework applies uniformly to MLP-based parametric projections.

Local Neighborhood Stability: For each anchor point xg, we probe
local stability by adding isotropic Gaussian noise parameterized by
a target input-space radius r > 0. Concretely, let € ~ N(0, Gzld) in
d dimensions; then

r:=\/E[e3] = ovd, with 6 = ﬁ, and]E[HsH%] —do?, (1)

so that specifying a radius r uniquely determines the noise scale. In
practice, r is chosen to represent a small, interpretable neighborhood
around each data point (e.g., such that perturbed samples remain
visually recognizable for image data). As a heuristic, r may be se-
lected as a small fraction of a typical input-space distance (i.e., a
very low percentile of all pairwise distances). We choose the 0.25th
percentile. For image data bounded to [0, 1], we clip perturbed val-
ues element-wise to this range (Fig.2). We generate N perturbed
samples per anchor and clip them to obtain %; = clip(xo +€;). Clip-
ping reduces the realized perturbation magnitude relative to the
nominal radius r. We report the effective (root-mean-square) radius

Teff == 1/ %Zf\’: 1 || % — x0|3, computed from the clipped perturba-

tions, the target radius r, and the resulting ¢ in Tab. 1. The ratio
reft/r quantifies the clipping effect. Values near 1 indicate negligible
clipping, while lower ratios reflect boundary saturation.

Dataset n d r Teff  Tefr/T o
MNIST [LCB9S] 70000 784 473  3.46 0.73 0.17
Fashion [ XRV17] 70000 784 447 3.69 0.83 0.16

Table 1: Size n, dimensionality d, noise radius r, effective noise
radius Yegf, the ratio e/, std. dev. 6. Noisy samples are created
with the 0.25th pairwise-distance percentile, 5 anchors/class, and
N=1000 per anchor, using more samples for reg precision (Sec.4).

Stability Measures: A stable projection maps similar inputs to sim-
ilar outputs. Small perturbations in input space should yield small
displacements in projection space, while unstable projections ex-
hibit large, erratic, or systematically biased responses to minor input
changes. Thus, we define a clean anchor point xy with projected
location zg = f(xo), and the projected perturbed samples z; = f(%;)
fori=1,...,N. We propose three quantitative measures:

(1) Mean Displacement: The typical noise-induced drift at noise
level © is quantified as

1 N
Daev(0) = 1 IIzi =0l ~ Elll = 2oll], )
i=1
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where N is the number of noisy samples.

(2) Displacement Bias: Systematic displacement of the mean pro-
jection from the anchor is measured as

1 N
NZZ;‘*ZQ

i=1

Dyias(0) = ~ ||E[z] - zoll 3)

2
(3) Nearest-Anchor Assignment Error: For each anchor z(()a) and

its corresponding noise-perturbed projections {zﬁ“) }fvzl, we assign

each projected point to its nearest anchor in the projected space:
AN . _ &) 4
az) = arg min Iz =2y ll2- 4)

We then define the assignment error at noise level ¢ as

"R $ I IC) PRI

where A denotes the number of anchors and 1[] is the indicator
function. This measure quantifies the probability that noise-induced
perturbations cause a sample to leave the Voronoi region of its
original anchor, providing a direct notion of projection robustness.

Lower values of Dgey, Dpias, and Ena indicate greater stability.
Dgey measures typical displacement magnitude; Dy;,s detects sys-
tematic drift in a consistent direction. In our experiments, we use
N = 2000 samples for computing Dgey, Dpias, and ENa.

Visual Diagnostics: We propose three visualizations to assess the
local neighborhood stability of parametric projections. In all visual-
izations, anchor points are visualized as crosses.

Anchor Lines: Anchor lines
%. are geometric primitives [vL-
BRS09] and explicitly encode
the relational structure be-
tween each noisy projection
and its corresponding anchor.
By visualizing displacement
vectors from the anchor to the
noisy samples, this representa-
tion highlights directional bias,
coherence, and asymmetry in
the projected perturbations. It
enables assessment of whether noise induces systematic drift away
from the anchor or remains approximately isotropic. The mean dis-
placement (Dygey) of the anchor is represented as a circle around the
anchor point and captures the overall instability.

directionality

Juawadeldsip

Local PCA: Local principal
component analysis (PCA)
captures the differential struc-
ture of the projection around
the anchor by approximat-
ing the local geometry of
the noise-induced point cloud.
The resulting principal direc-
tions and variances indicate
how perturbations are ampli-
fied or attenuated along differ-
ent directions in the projected

1st principal

®
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space. This approach is inspired by Liao et al. [LWCCI18]. Changes
in orientation or anisotropy provide evidence of deviations from
locally linear noise propagation. The local PCA ellipsoid is centered
at the mean of the noise-induced projections and thus visually en-
codes the anchor’s displacement bias (Dyj,s). As an alternative, we
propose Density Contours in the supplementary material.

Voronoi Assignment: This vi-
sualization introduces a com-
parative perspective when
multiple anchors are present.
By partitioning the projec-
tion space according to the
nearest anchor, Voronoi re-
gions [Aur91] indicate which
reference point dominates lo-
cally. Points from one anchor’s
perturbation cloud that fall
into a neighboring anchor’s
Voronoi cell signal potential misassignment under noise, identify-
ing areas of reduced robustness with respect to competing anchors,
visually linked to the nearest-anchor assignment error (Exa).

4. Evaluation

Experimental Setup: We use the two datasets in Tab. 1 and evaluate
both UMAP and t-SNE as base projection methods [BWT*24]. We
split each dataset using an 80-10-10 train-validation-test protocol.
Quality and stability metrics are computed on the held-out test
set and averaged across 10 runs with different seeds (see Tab.2).
Each run refits the base projection using the specified seed and uses
independent network initializations as well as noise draws; anchors
are class-centroid-based with count equal to the number of classes.
We report Trustworthiness and Continuity measures [VKO1] as an
average of all T (k) with neighborhood size k € {2,4,8,...,n/2}
and C(k) respectively [CPA*20]. Higher T and C indicate better
local structure preservation; results are in Tab.2.

Neural Network Architectures and Training: We train fully
connected MLPs with ReLU activations learning f : RY — R%.
MLP-small: 3 hidden layers, 512 units each; MLP-large: 6
hidden layers, 1024 units each. Our general objective function is

Lyise = E(yy) [Hf(x) - yl\i] [EHT20,DGB*25]. We use the Adam

optimizer [KB15], batch size 256, learning rate 10_3, and 100
epochs with early stopping (patience=10). No noise augmenta-
tion is applied during training. The +J suffix denotes the appli-
cation of Jacobian regularization. It penalizes the Frobenius norm
of the input-output Jacobian Jy(x) = dfg(x)/dx € R¥*4 | adding
Lac = MEx [||Jf(x)|\%] to the training loss (we choose A=10; see
sweep over A in supplementary material), encouraging locally
smooth mappings that are more robust to small input perturba-
tions [JG18].

Quantitative Results: Tab.2 summarizes six metrics across two
datasets and two projection methods (UMAP, t-SNE), averaged over
10 runs. Jacobian regularization consistently improves stability for
both architectures and both projection methods: MLP-large+J
achieves the lowest mean displacement in all settings, reducing dis-
placement by 28-63% relative to its unregularized counterpart MLP —
large. The effect is equally pronounced for the smaller network:

MNIST Fashion MNIST Fashion
Model (UMAP) (UMAP) (t-SNE) (t-SNE)
Average MSE Loss (lower is better)
MLP-small 829 +.104 293 + .054 62.7 +£3.8 30.7+2.98

MLP-small+J .676 £ .035 .279 +£.046 61.8 +2.15 29.9 + 2.81
MLP-large .855 £.108 .33 +£.044 52.7+634 32 +3.34
MLP-large+J .668 +.06 297 £.049 48.8+4.9 26.1 +1.71
Avg. Trustworthiness T (k) with k € {2,4,8,...,n/2} (higher is better)

MLP-small .859 + .004 .928 £+ .002 .857 +.001 .928 + .001
MLP-small+J .858 £.002 .927 4+.002 .85 4.001 .926 &£ .001
MLP-large 867 +£.003 .929 +.002 .872 + .001 .931 +.001
MLP-large+J .865+.001 .929 £+.002 .863 +.001 .929 + .001

Avg. Continuity C(k) with k € {2,4,8,...,n/2} (higher is better)
MLP-small .864 £ .001 .938 £.002 .871 +.001 .943 &£ .001
MLP-small+J .866 + .001 .939 +.002 .873 +.001 .944 + .001
MLP-large .864 £ .002 .938 £ .002 .871 +.001 .942 + .001
MLP-large+J .866+ .001 .939 4+ .002 .872 4 .001 .943 + .001
Mean Displacement (lower is better)
MLP-small 1.8 4 .382 .863 +.175 24.8 £1.59 11.7 £2.69
MLP-small+J .265+ .051 .465+ .204 5.03+.612 6.06 + 1.38
MLP-large 562 + 282 665+ .244 634+ 141 10.7 +£2.55
MLP-large+J .207 +.069 .391 +.091 4.58 +14 5.35+1.36
Displacement Bias (lower is better)
MLP-small 1.76 £ .375 772+ .179 244+ 1.62 104 £2.74
MLP-small+J .233 £.053 435+ .208 4.53 4+ .617 5.47 +1.37
MLP-large 524 + 282 622+ .246 5.354+1.63 9.67 +2.65
MLP-large+J .18 +.066 .361 +.093 4.13 +1.41 4.78 + 1.34
Average Nearest-Anchor Assignment Error (lower is better)

MLP-small 294 £+ .069 .109 £ .038 .307 +.075 .192 + .081
MLP-small+J .006 &+ .012 .037 £.039 .017 £.022 .068 £ .053
MLP-large 069+ .06 .078 £.047 .024 +.022 .164 £ .091
MLP-large+J .003 £+.009 .031 +.034 .019 £.031 .036 + .046

Table 2: Stability and quality metrics for MLP-based parametric
projections based on UMAP and t-SNE with different regularization
strategies across datasets. Bold values indicate best, underlined
values worst performance per metric and dataset.

on MNIST (UMAP), MLP-small+J reduces mean displacement
from 1.80 to .265 (—85%) and anchor assignment error from .294
to .006. The same pattern holds for t-SNE: on MNIST (t-SNE),
MLP-small+J reduces displacement from 24.8 to 5.03 (—80%)
and anchor error from .307 to .017. Notably, on MNIST (UMAP),
the unregularized MLP-small exhibits mean displacement (1.80)
nearly equal to displacement bias (1.76), indicating systematic drift
rather than isotropic spread; the same effect appears on MNIST
(t-SNE) with displacement 24.8 vs. bias 24.4. Increasing network
capacity alone provides moderate stability gains (MLP-large vs.
MLP-small), but Jacobian regularization is substantially more ef-
fective: On Fashion (UMAP), MLP-1arge’s displacement drops
to .665, whereas adding +J further lowers it to .391. Reconstruc-
tion loss and stability do not trade off uniformly; MLP-large+J
achieves the best MSE on MNIST (UMAP) (.668) while simulta-
neously being the most stable. The averaged Trustworthiness and
Continuity remain near-constant across all methods (7': .850-.931, C:
.864-.944), confirming that neighborhood-preservation metrics fail
to capture the stability differences revealed by displacement-based
metrics, i.e., the failure mode anticipated in Sec. 1. Our stability
metrics are cheap to compute. The total wall-clock per model on

© 2026 The Authors.
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Figure 3: Qualitative stability comparison across UMAP and t-SNE
projections. Each row shows the reference projection with anchors,
the most and least stable MLP by mean displacement (Tab.2) with
stability visualizations.

MNIST/Fashion is ~135 ms for MLP-1large, dominated by MLP
forward passes; Ena is O(NA?) and sub-millisecond.

Qualitative Results: Fig. 3 contrasts the most (MLP-large+J)
and least (MLP-small) stable models per setting by mean dis-
placement, each row using a different stability visualization along-
side the reference projection. On MNIST (UMAP), anchor lines
for MLP-1arge+J remain tightly clustered around anchors, while
MLP-small shows wide displacement fans. For Fashion (UMAP),
local PCA ellipses reveal both larger extent and stronger directional
anisotropy for MLP-small, consistent with its higher displace-
ment bias. The MNIST (t-SNE) Voronoi row provides the starkest
contrast: MLP—1arge+J confines perturbed points within their an-
chor’s Voronoi cell (nearest-anchor assignment error .078), while
MLP-small scatters points across cell boundaries (.329), with
displacement nearly entirely due to systematic bias. On Fashion
(t-SNE), shorter anchor lines confirm reduced displacement for
MLP-large+J relative to MLP—small.

5. Discussion

Our evaluation yields two main findings: (1) Standard neighborhood-
based quality metrics (Trustworthiness, Continuity) remain virtually
identical across all tested methods (7": .850-.931, C: .864-.944),
failing to reflect substantial stability differences. Our displacement-

© 2026 The Authors.
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based measures and visual diagnostics close this gap, revealing insta-
bilities that 7 and C cannot capture. (2) As a practical demonstration,
Jacobian regularization, with an expected but now quantifiable ef-
fect, reduces displacement by up to 85% (UMAP) and 80% (t-SNE),
and anchor assignment error to near zero on MNIST, with consistent
gains across both projection methods and datasets. Comparing two
network sizes with and without regularization confirms that Jacobian
regularization is more effective than increasing capacity alone. We
also test spectral normalization and report results on two additional
datasets in the supplementary material.

Implications for Visual Analytics: The stability of MLP projec-
tions directly determines whether analysts can trust that spatial
patterns represent genuine data structures [NA19]. Our evaluation
shows that standard neighborhood-preservation metrics are insuffi-
cient: Methods with near-identical Trustworthiness and Continuity
scores exhibit displacement differences exceeding 80%. Our visual
diagnostics let practitioners inspect where and in which direction
a projection is sensitive. Our findings indicate that regularization
strategy matters more than network capacity: A compact Jacobian-
regularized network achieves stability at lower computational cost
(training times are reported in the supplementary material). Overall,
we advocate for incorporating stability assessment when training
MLP-based parametric projections.

Limitations and Future Work: Jacobian regularization minimizes
local sensitivity; displacement measures quantify local sensitivity.
Hence, the stability improvement is expected. We analyze the cost-
benefit tradeoff (stability gain vs. MSE/T/C cost) rather than an
unexpected effect. Our measurements characterize the learned para-
metric mapping, not the base DR, and do not disentangle NN- from
DR-induced effects. Isotropic Gaussian noise may not match real-
istic perturbation distributions for image data, though in our study
it serves as a proxy for sensor drift; more realistic perturbations
could be obtained by interpolating between same-class samples or
via inverse projection [EAS*21, DGB*25]. Our measures are de-
fined as functions of ©, but we evaluate only a single noise level per
dataset; a sweep across ¢ values would provide a more complete
stability profile. We select ¢ in a dataset-adaptive manner via the
0.25th percentile of pairwise distances (Tab. 1), ensuring perturba-
tions remain within a realistic range for each dataset. We evaluate
only MLP architectures; extending the framework to AEs, CNNs, or
other parametric DR variants would broaden its applicability. Only
class-centroid-based anchors are tested; thus, an analysis of other
anchor selection strategies would strengthen the evaluation.

6. Conclusion

Parametric projections promise real-time inference and out-of-
sample extension, yet standard quality metrics ignore their sen-
sitivity to input perturbations. We introduced displacement-based
stability measures and visualizations that reveal instabilities invisible
to Trustworthiness and Continuity measures. Jacobian regulariza-
tion can mitigate such instability, as confirmed by our diagnostic
measures, at minimal cost to reconstruction fidelity. The takeaway
is concrete: Pair parametric projections with smoothness constraints
and validate stability before deployment in noise-prone scenarios.
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